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Weyl points, synthetic magnetic monopoles in the 3D momentum space, are the key features
of topological Weyl semimetals. The observation of Weyl points in ultracold atomic gases usually
relies on the realization of high-dimensional spin-orbit coupling (SOC) for two pseudospin states
(i.e., spin-1/2), which requires complex laser configurations and precise control of laser parameters,
thus has not been realized in experiment. Here we propose that robust Wely points can be realized
using 1D triple-well superlattices (spin-1/three-band systems) with 2D transverse SOC achieved by
Raman-assisted tunnelings. The presence of the third band is responsible to the robustness of the
Weyl points against system parameters (e.g., Raman laser polarization, phase, incident angle, etc.).
Different from a spin-1/2 system, the non-trivial topology of Weyl points in such spin-1 system
is characterized by both spin vector and tensor textures, which can be probed using momentum-
resolved Rabi spectroscopy. Our proposal provides a simple yet powerful platform for exploring
Weyl physics and related high-dimensional topological phenomena using high pseudospin ultracold
atoms.
Introduction.— Weyl semimetal, an exotic topological
phase of matter, possesses novel quasi-particle excita-
tions behaving as Weyl fermions in the bulk and intrigu-
ing Fermi arcs on the surface [1–5]. The key feature of
Weyl semimetal is the appearance of Weyl points (gap-
less points in the band structure with linear dispersion in
3D momentum space) characterized by nontrivial topo-
logical invariants [3, 4]. Weyl point does not depend on
symmetry except the translational symmetry of the crys-
tal lattice, and is the most robust degeneracy which can
only be gapped out when annihilates with another Weyl
point with opposite topological charge. Due to the fun-
damental importance of Weyl fermions and the poten-
tial application of surface states, significant theoretical
and experimental progresses have been made for explor-
ing Weyl physics in both solid-state materials [6–15] and
synthetic systems such as ultracold atomic gases [16–23],
photonic [24–29] and acoustic crystals [30]. In contrast
to solid-state materials whose complicated band struc-
tures make the probing of Weyl-fermion topology elusive,
synthetic systems are simple, clean and highly control-
lable. In particular, recent experimental realization of
1D and 2D spin-orbit coupling in ultracold atoms makes
the atomic system one of the most promising platforms
for studying topological effects and novel state of mat-
ter [31–42].
So far most ultracold atom based schemes [16–23] for
realizing Weyl physics rely on the generation of 3D spin-
orbit coupling for two pseudospin states (i.e., spin-1/2)
in either optical lattices or free space, which require com-
plex laser setups. Furthermore, such Weyl points are usu-
ally very sensitive to laser parameters (e.g., phases, po-
larizations and incident angles), making the experimen-
tal realization very challenging with current technique.
Weyl points were also proposed in quasi-particle spectra
of BCS superfluids with spin-orbit coupling [43–45], but
the experimental realization of such superfluid is difficult
due to heating. Finally, probing non-trivial topology of
Weyl points for spin-1/2 systems is another challenging
task.
In this Letter, we propose a much simpler scheme to
realize robust Weyl points and probe their non-trivial
topology using a 1D superlattice. Instead of a spin-1/2
system, we consider a three-band (i.e., spin-1) model us-
ing a triple-well superlattice, with neighbor site tunnel-
ings assisted by three Raman lasers. The Raman-assisted
tunnelings also induce momentum transfer on the trans-
verse plane, leading to 2D SOC in the transverse free
space. Our main results are:
i) The three-band system supports two Weyl points,
corresponding to the degeneracy between two-lower and
two-upper bands, respectively. Therefore they cannot
annihilate with each other and any change in system pa-
rameters only shifts their positions, leading to the ro-
bustness against variations of laser parameters (e.g., in-
cident angle, intensity, phase, detuning and polarization).
Such robustness originates from the higher dimensional
Hilbert space enabled by the spin-1 system, which re-
duces the requirement for precisely controlled SOC for
spin-1/2 systems.
ii) For any two neighbor bands, the corresponding sur-
face states would connect the Weyl point to infinite mo-
mentum, indicating that there is a virtual Weyl point
(with opposite charge) at infinity. This can also be seen
by the trajectory of the Weyl point, which may annihilate
with its virtual partner only when it is shifted to infinity
for certain critical system parameters. Away from these
critical values, the Weyl points persist.
iii) Though the Berry flux around the Weyl point pos-
sesses monopole behavior, the spin textures for such spin-
1 system is very different from the spin-1/2 system [20–
23]. Since the spin-1 vector may go into the Bloch sphere
and even vanish by crossing the center, the non-trivial
topology of the Weyl point is characterized not only by
the spin vectors, but also the spin tensors.
iv) We propose a simple scheme to detect the non-
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FIG. 1: (a) Experimental scheme for generating robust Weyl
points using a triple-well superlattice. Three Raman lasers
are used to induce the neighbor site tunnelings. (b) Corre-
sponding level structure and two-photon Raman transitions
in the superlattice.
trivial topology of Weyl points based on momentum-
resolved Rabi spectroscopy and time-of-flight imaging.
Surprisingly, the additional trivial band near the Weyl
points can serve as a reference which greatly simplifies
the detection pulse sequence.
The model.— We consider a simple experimental setup
shown in Fig. 1(a), which contains a 1D superlattice
along the z direction with 3 sites in each unit cell and
is free in 2D xy-plane (i.e., no transverse lattices). The
detunings between different sites in the unit cell are large
and the bare tunnelings are suppressed significantly. We
introduce the Raman-assisted tunnelings using three Ra-
man lasers [46, 47], with the s-th site in the unit cell
addressed by the s-th Raman laser whose frequency dif-
ference is chosen to match the lattice site detuning [see
Fig. 1(b)]. The wave vectors should have nonzero com-
ponents along z to induce the tunneling. The Raman-
assisted transitions acquire transverse momentum kicks
that are determined by the transverse components of the
wave vectors.
We adopt the tight-binding approach along the z-
direction, and the Hamiltonian in the momentum space
is [48]
Hk =
∑
s
[(k⊥ −K⊥,s)2 + δs]|s〉〈s|+
∑
s6=s′
Js,s′(k)|s〉〈s′|.
(1)
Here k⊥ = (kx, ky) is the transverse momentum, and
K⊥,s corresponds to the transverse momentum kick by
the s-th Raman laser, which gives the 2D SOC coupling
strengths in the transverse direction. The pseudo-spin in-
dex s = ↑, 0 ↓ is just the site index in each unit cell, and
Js,s′(k) is the Raman assisted tunnelings between differ-
ent sites with detuning δs. By keeping only the neighbor
site tunnelings, we obtain the intra-unit-cell couplings
J↑,0(k) ≡ J∗0,↑(k) = J1, J0,↓(k) ≡ J∗↓,0(k) = J2, and
inter-unit-cell coupling as J↓,↑(k) = J∗↑,↓(k) = J3e
ikz ,
with Jm (m = 1, 2, 3) real since their phases are unim-
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FIG. 2: (a) Band structure at kz = 0 with Weyl point W1
between two lower bands. (b) Band structure at kz = pi
with Weyl point W2 between two upper bands. The mid gap
band shows the surface state dispersion on z = 0 when open
boundary conditions are considered. (c) Surface spectrum
densities Im γ
pi
1
ω−H−iγ at different frequencies and momenta,
with γ = 0.02 and ky = 0. The two surface arcs on the
two surfaces coincide. (d) Typical distribution (Pj) of the
surface states along the open direction z, with j the site index.
k2x + k
2
y is dropped when plotting the band structures. Other
parameters are J1 = J2 = J3 = 1, K⊥,↑ = (−1/2,
√
3/2),
K⊥,0 = (1, 0), K⊥,↓ = (−1/2,−
√
3/2), δ↑ = δ0 = δ↓ = 0.
portant and can be gauged out by absorbing them into
the definition of the spin states (we will assume all Jm
positive unless otherwise state).
The Hamiltonian in Eq. (1) supports two robust Weyl
points W1 and W2 at [k
W1
x , k
W1
y , 0] and [k
W2
x , k
W2
y , pi]
when all three couplings Jm are nonzero and three points
K⊥,s = (Kx,s,Ky,s) are non-collinear. The Weyl point
W1 corresponds to the degeneracy between two lower
bands while W2 for two upper bands. W1 and W2 are
related to different bands, therefore they cannot annihi-
late with each other. Any change in system parameters
only shifts the positions of the Weyl points. The typical
band structures are shown in Figs. 2(a) and 2(b), where
two Weyl points are clearly shown.
Surface arcs and Weyl point trajectories.— In general,
Weyl points between any two bands should appear in
pairs for a 3D lattice system because the Brillouin zone
is a closed manifold without boundary [20–23]. Our sys-
tem is free in the xy plane, therefore we could have only
one Weyl point between two bands since the momentum
space is an open manifold that may have non-vanishing
flux on the boundary (at infinite kx and ky). This can be
seen by looking at the surface arcs which can only start
(end) at the Weyl points. In Figs. 2(b) and 2c, we plot
the surface arcs with an open boundary condition along
the z-direction. Each boundary (left and right) gives a
3(a) (b) 
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FIG. 3: (a) The trajectory of Weyl points W1 (blue line)
and W2 (red line) as the inter-unit-cell tunneling varies across
zero. J1 = J2 = 1, K⊥,↑ = (−1/2,
√
3/2), K⊥,0 = (1, 0),
K⊥,↓ = (−1/2,−
√
3/2). Two Weyl points shift to infinite
momenta at J3 = 0. (b) The trajectories of Weyl points
W1 (blue line) and W2 (red line) when K⊥,0 = (cos θ, sin θ)
rotates in the kx-ky plane, K⊥,↑ = (−1/2,
√
3/2), K⊥,↓ =
(−1/2,−√3/2), J1 = J2 = 2J3 = 1. The two Weyl points
shift to infinite momenta at θ = 2pi/3 and 4pi/3 where K⊥,0
coincides with K⊥,↑ and K⊥,↓ respectively.
surface arc which connects the Weyl point to infinite mo-
menta. Shown in Fig. 2(d) are the distributions of the
surface states that are well localized at the boundary.
There is only one Weyl point between two neighbor
bands, which can annihilate with its virtual partner only
when it is shifted to infinity at certain critical system pa-
rameters. The only symmetry required here is the lattice
symmetry along the z-direction, thus the Weyl points are
very robust against system disorders. Shown in Fig. 3
are the trajectories of two Weyl points W1 and W2 as
functions of Jm and K⊥,s. As one of the coupling Jm
changes across the critical value 0 (from positive to neg-
ative), two Weyl points first disappear then reappear at
infinity (k⊥ →∞), with kz changing from 0 (pi) to pi (0)
for Weyl point W1 (W2). The two Weyl points move sim-
ilarly as K⊥,s − K⊥,s′ changes across the critical value
0, except that kz is fixed for both of them. The Raman-
laser phases are irrelevant since the phases of Jm do not
affect the band structure (e.g., the phase of J3 only in-
duces a global shift of all bands along kz). Finally, the
pseudospin is represented by different superlattice sites
on the same atomic hyperfine state, making the tunneling
Jm insensitive to laser polarizations.
Berry flux and spin textures.— The topological prop-
erties of the Weyl point can be characterized by the first
Chern number [3, 4]
Cn = 1
2pi
∮
S
∇k ×An(k) · dS, (2)
where S is a momentum-space surface enclosing the Weyl
point, and An(k) = i〈un(k)|∇k|un(k)〉 is the Berry con-
nection, with |un(k)〉 the eigenvector (Bloch wave func-
tion) of the n-th band. Cn = ±1 indicates that the
Berry curvature (flux) Ωn(k) = ∇k×An(k) on the closed
surface S is quantized, revealing the synthetic magnetic
monopole behavior. The distribution of Berry curvatures
(c) 
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FIG. 4: (a) and (b) Berry flux and spin vector distributions
on the surface enclosing Weyl point W1. (c) Spin tensor dis-
tribution as k varies on the loop L. The red lines show the
orientation of the ellipsoids, which are rotated by pi along the
loop. (d) The spin vector trajectories for the loop L for all
three bands. 〈F〉 would cross the center of the Bloch sphere
only for the two lower non-trivial bands (pink and blue lines).
(e) The trajectories of the two Majorana stars on the Bloch
sphere for the loop L (the blue and red dots show their initial
positions). They exchange their positions and together give
rise to a pi Berry phase. rS = 1 and other parameters are the
same as in Fig. 2.
around W1 is shown in Fig. 4a (Berry curvatures for dif-
ferent bands and different surface S can be found in [48]),
yielding C ≡ [C1, C2, C3] = [−1, 1, 0] for the Weyl point
W1, and C = [0, 1,−1] for W2. When both W1 and
W2 are enclosed by S, we have C = [−1, 2,−1]. Notice
that the Chern numbers remain unchanged even when
the radius of the S approaches infinity, which explains
why the surface arcs are connected to infinity momenta,
indicating that there is another pair of Weyl points with
opposite charges.
For a spin-1/2 system, the quantum state is uniquely
represented by a point on the Bloch sphere whose coor-
dinates are given by the expectation value of spin vector
〈F〉. As momentum k runs over a surface enclosing a
Weyl point in such spin-1/2 system, 〈F〉 also covers the
Bloch sphere once, and the Berry flux is given by the solid
angle on the Bloch sphere. Spin-1 (and higher) quantum
states are quite different: first, its quantum state is not
uniquely represented by the spin vector 〈F〉; and second,
〈F〉 is not confined to the surface of the Bloch sphere,
4and could be anywhere on or inside the Bloch sphere.
For high spins (≥ 1), the spin moments contain both
spin vectors and spin tensors. The spin-1 quantum state
can be uniquely represented by the combination of the
spin vector 〈F〉 and a rank-2 spin tensor T with elements
Tij = 〈FiFj+FjFi2 〉−〈Fi〉〈Fj〉, which is geometrically char-
acterized by an ellipsoid (whose orientation and size are
determined by the eigenvectors and the square root of
the eigenvalues of T , respectively) [49, 50]. The topology
of the Weyl point in our spin-1 system should be char-
acterized by the geometries of both the spin vector and
tensor textures, which are fundamentally different from
spin-1/2 systems.
In Fig. 4(b), we show the spin vector distribution 〈F〉
(calculated for the lowest band) aroundW1 (spin textures
for different bands and different surface S can be found
in [48]). We see that the spin vector may vanish at certain
point (blue dot), around which spin vortex emerges. To
illustrate how the spin tensor is distributed around W1,
we consider a loop on S, and study how the ellipsoid
rotates along it. Fig. 4(c) shows the spin tensor for the
first band along the loop L: kx = rS cos θ, ky = rS sin θ,
kz = 0 with rS the radius and θ varies from 0 to 2pi
(i.e., the equator of S). As θ increases from 0 to 2pi, the
ellipsoid is reduced to a 2D disk at θ = pi, where the spin
vector crosses the center of the Bloch sphere as shown in
Fig. 4(d) (〈F〉 vanishes and changes the sign).
Generally, the accumulated Berry phase along a loop
(i.e., Berry flux on a surface enclosed by the loop) in
the momentum space (or other parameter space) is given
by the generalized solid angles involving contributions
from both spin vectors and tensors on or inside the Bloch
sphere [48]. Along the loop L, the spin vector is confined
in the Fx-Fz plane, which gives rise to zero solid angle.
Beside the size oscillation, the orientation of the spin
tensor ellipsoid rotates around the y-axis by pi, which
correspond to a pi Berry phase along L due to the fact
that the Weyl point reduces to a Dirac point in the kz = 0
plane. Similar spin tensor rotation can be obtained for
the second band. However, the spin vector crosses the
center of the Bloch sphere three times on the loop L,
leading to three spin-vector vortices on S [48].
The nontrivial topology of the Weyl points can also be
captured by the trajectories of two Majorana stars (an
unordered pair of points on the Bloch sphere) [51]. The
Berry flux is given by the correlated solid angle of the two
Majorana stars. For the loop L considered in Fig. 4c, we
find that the Majorana stars are confined in the y = 0
plane on the Bloch sphere. As θ increases, similar to the
spin-tensor ellipsoid, the Majorana stars also rotate with
respect to y-axis. Instead of going back to their originate
positions after one circle, two Majorana stars exchange
as shown in Fig. 4(e), leading to a solid angle pi.
Implementation and detection.— Our scheme does not
rely on atomic hyperfine level structure, and is appli-
cable to both alkaline atoms (e.g., Lithium, potassium)
and alkaline-earth(-like) atoms (e.g., strontium, ytter-
bium) [52–55]. The triple-well superlattice could be real-
ized by a superposition of two lattice potentials with one
of them having a tripled period,
V (z) = V1 cos
2(kLz) + V2 cos
2(kLz/3 + φL). (3)
Using optical frequency tripling [56, 57], such two lattice
potential can be obtained with tunable relative phase φL,
similar as the double well superlattice based on the op-
tical frequency doubling in recent experiments [58–61].
Alternatively, it can also be realized using lasers with the
same wavelength, while the long-period lattice is formed
by two beams intersecting with an angle θ = 2 arcsin 13 .
By choosing proper lattice strengths V1, V2 and the rela-
tive phase φL, the detunings between different sites in a
unit cell is tuned to be much larger than the bare near-
est neighbor tunneling. The tunnelings can be restored
using resonant Raman couplings, as demonstrated by re-
cent experiments in the study of gauge field and super-
solidity.
The linear dispersion of the Weyl point can be de-
tected using momentum-resolved radio-frequency (rf)
spectroscopy [62], which has been widely used to study
low-energy excitation spectrum and quasiparticles in su-
perfluids and superconductors. Based on energy and mo-
mentum conservation, the Weyl point dispersion can be
extracted from the time-of-flight absorption image after
the rf pulse. In general, direct measurement of non-trivial
Berry curvatures and spin textures of Weyl points is very
challenging, and simple schemes for probing Weyl-point
topology are still elusive.
Here we propose that the detection can be realized
by the momentum-resolved Rabi spectroscopy [63] with
simple pulse sequences. Surprisingly, the simplification
comes from the presence of the third band near the Weyl
point for our spin-1 system. First, the system is initial-
ized into the pseudo-spin state |s〉, then the Raman lasers
are turned on. By simply measuring the evolution of
atom population on state |s′〉 at each k, the Bloch wave-
function (and thereby the Berry curvatures and spin tex-
tures) near the Weyl points can be extracted [48]. There
is no need to measure the population on different basis
as required for spin-1/2 systems. This is because, be-
side two non-trivial bands, there is a far detuned trivial
band near the Weyl point, which can serve as a refer-
ence band, allowing us to determine both amplitudes and
phases of the Bloch functions for two non-trivial bands
[48]. In realistic experiments, the population of each spin
state |s〉 at each k can be measured using a pseudospin
Stern-Gerlach effect followed by the time-of-flight imag-
ing [60, 61].
Conclusion.— In summary, we propose a simple
scheme to realize robust Weyl points and probe their
topology, using a 1D triple-well superlattice with trans-
verse 2D SOC generated by three Raman lasers. The
5robustness against system parameters such as laser in-
tensities, phases, polarizations and incident angles makes
our scheme very flexible, and any fine-tuning or phase-
locking techniques are not required. Moreover, we find
that the spin-1 Weyl point shows very interesting and
topologically non-trivial spin (vector and tensor) textures
that have fundamental differences from spin-1/2 systems.
Thanks to the three-band structure, these non-trivial
topologies can be detected using very simple pulse se-
quences. A straightforward generalization of our scheme
is to consider higher-order degeneracies (e.g., three- or
four-fold) [64, 65] using even higher spins, which may be
realized by using a superlattice with more sites in each
unit-cell or by including atomic hyperfine states. Our
scheme provides a simple yet powerful platform for ex-
ploring Weyl physics and related high-dimensional topo-
logical phenomena with ultracold atoms.
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Supplementary Materials
Hamiltonian and the Weyl point solution
Consider a 1D triple-well lattice along the z-direction. We adopt the tight-binding approach and expand the wave
function as |Ψ(r)〉 = ∑j aj(x, y)|Wj(z)〉, with |Wj(z)〉 the Wannier function for site j in the z direction. The pseudo-
spin operators in each unit cell are denoted as bl,↓(x, y) = a3l(x, y), bl,0(x, y) = a3l−1(x, y), bn,↑(x, y) = a3l−2(x, y)
with l the unit-cell index. The detunings between them are ∆↑, ∆↓, and ∆↑ ± ∆↓ (see Fig. 1 in the main text),
which are much larger than the bare nearest neighbor tunneling. Resonance tunnelings between neighbor lattice
sites are induced by three Raman lasers with frequencies ω↑, ω0, ω↓, satisfying ω↑ − ω0 ' ∆↑, and ω↓ − ω0 ' ∆↓.
The pseudo-spin state |s〉 is addressed by the laser with frequency ωs, which induce both intra- and inter-unit-cell
tunnelings. These Raman lasers have nonzero recoil momentum along both longitudinal (z) and transverse directions,
and the latter induces transverse spin-orbit couplings. The single-particle Hamiltonian in the rotating frame under
basis {bn,s} (s =↑, 0, ↓) is
H =
∑
l,s
[k2⊥ + δs]|l, s〉〈l, s|+
∑
l,s;l′,s′
Jl,s;l′,s′ |l, s〉〈l′, s′|, (S1)
where the non-zero tunnelings are Jl,0;l,↑ = J1ei(K
0
⊥,↑−K0⊥,0)·r, Jl,↓;l,0 = J2ei(K
0
⊥,0−K0⊥,↓)·r, and Jl+1,↑;l,↓ =
J3e
i(K0⊥,↓−K0⊥,↑)·r. Notice that, to induce the hopping along z-direction, the Raman coupling should have a non-
zero momentum kick along z. Therefore, the momentum kicks |K0⊥,s| are different for the three spin states s, given
the fact that the frequencies of the three lasers are very close.
In the quasi-momentum frame after the transformation bl,s → eiQ·r+iK0⊥,s·rbl,s, we obtain the Hamiltonian (we have
chosen Q as the origin of the quasi-momentum frame such that the momentum kicks |K⊥,s| are the same for all s
with K⊥,s = Q + K0⊥,s)
H =
∑
n,s
[(k⊥ −K⊥,s)2 + δs]|n, s〉〈n, s|
+
∑
n
(J1|n, 0〉〈n, ↑ |+ J2|n, ↓〉〈n, 0|+ J3|n+ 1, ↑〉〈n, ↓ |+ h.c.). (S2)
We further choose the momentum and energy units by setting ~ = 1, |K⊥,s| = 1 and K
2
⊥,s
2ma
= 1 with ma the atom
mass. In general, the tunnelling coefficients J1,2,3 are complex whose phase are determined by the phases of the
Raman lasers. However, we notice that these phases can be gauged out by absorbing them in to the definition of
the pseudo spin states on each site, and we can set J1,2,3 to be real. As a result, there is no need for fine-tuning of
the Raman-laser phases. After a Fourier transformation along the lattice direction, we obtain the momentum-space
Hamiltonian given in the main text.
In the basis {| ↑〉, |0〉, | ↓〉}, the momentum space Hamiltonian is
Hk =
 δ¯↑ − 2k⊥ ·K⊥,↑ J1 J3eikzJ1 −2k⊥ ·K⊥,0 J2
J3e
−ikz J2 δ¯↓ − 2k⊥ ·K⊥,↓
+ E⊥ (S3)
8We can redefine the Fermi energy EF as the zero energy point, and rewrite the Hamiltonian as
Hk =
 δ¯↑ − 2k⊥ ·K⊥,↑ J1 J3eikzJ1 −2k⊥ ·K⊥,0 J2
J3e
−ikz J2 δ¯↓ − 2k⊥ ·K⊥,↓
+ E⊥ − EF (S4)
The Weyl point corresponds to a two-fold degeneracy with zero energy, which requires that there exist a Fermi energy
EF and a momentum k
W such that the above Hamiltonian is a rank-1 matrix. At the Weyl points, EF and k
W
should satisfy 
δ¯↑−2k⊥·K⊥,↑+E⊥−EF
J1
= J1−2k⊥·K⊥,0+E⊥−EF =
J3e
ikz
J2
δ¯↑−2k⊥·K⊥,↑+E⊥−EF
J3e−ikz
= J1J2 =
J3e
ikz
δ¯↓−2k⊥·K⊥,↓+E⊥−EF .
(S5)
The solution for kWz is 0 or pi, and the solution for EF and k
W
⊥ is given by
J1J3e
ikWz
J2
− J1J2
J3e
ikWz
= 2k⊥ · (K⊥,0 −K⊥,↑) + δ¯↑
J2J3e
ikWz
J1
− J1J2
J3e
ikWz
= 2k⊥ · (K⊥,0 −K⊥,↓) + δ¯↓
EF = E⊥ − J1J2
J3e
ikWz
− 2kW⊥ ·K⊥,0
(S6)
We always have solutions as long as J1,2,3 are nonzero and K⊥,0−K⊥,↑ is not parallel with K⊥,0−K⊥,↓ (i.e., the three
points K⊥,s = (Kx,s,Ky,s) are not collinear), which share the same spirit as the recent study of Dirac degeneracy
with 2D spin-orbit coupling [1, 2]. However, for pseudo-spin states represented by the atomic hyperfine levels, the
2D Dirac degeneracy is sensitive to the Raman-laser polarizations [1, 2], and the scheme cannot be generalized to 3D
Weyl degeneracy easily.
Geometric representation of Berry flux
We stated in the main text that the Berry phase on a loop (i.e., Berry flux on a surface enclosed by the loop) in
the momentum space (or other parameter space) is given by the generalized solid angles of both spin vectors and
spin tensors on or inside the Bloch sphere. Here we give the proof and the definition of the generalized solid angles.
An arbitrary spin-1 quantum state |Ψ〉 can be characterized by four parameters F, φF , θF , φT , where F = |〈F〉| is
the spin-vector length, φF , θF determine the direction of the spin vector and φT gives the relative rotation of the
spin-tensor-ellipsoid with respect to the spin vector [3, 4]. This is because, for a given 〈F〉 (i.e., F, φF , θF ), the size
of the spin-tensor-ellipsoid is also fixed with three axis lengths
√
1− F 2,
√
1±√1−F 2
2 . Moreover, the axis with length√
1− F 2 has the same direction with 〈F〉, and φT gives the direction of
√
1±√1−F 2
2 , which fixes the orientation of the
ellipsoid [3, 4]. In particular, we have
|Ψ(F, φF , θF , φT )〉 = exp(−iFzφF ) exp(−iFyθF ) exp(−iFzφT )

√
1+F
2
0√
1−F
2
 . (S7)
Consider the parameter τ -dependent Hamiltonian H(τ). For an arbitrary loop in the parameter space τ ∈ [τi, τf]
with the Hamiltonian satisfying H(τi) = H(τf), the corresponding Berry phase of a given gapped eigenstate is
γ = i
∫
dτ〈Ψ(τ)|∂τ |Ψ(τ)〉+ γf,i, (S8)
where |Ψ(τ)〉, a smooth function of τ , is the eigenstate of H(τ), and γf,i is the gauge difference between two ends
of the loop that is given by |Ψ(τf)〉 = eiγf,i |Ψ(τi)〉. We choose four parameters F (τ), φF (τ), θF (τ), φT (τ) to ensure a
9smooth wavefunction |Ψ(τ)〉 = |Ψ[F (τ), φF (τ), θF (τ), φT (τ)]〉. Substitute Eq. S7 into Eq. S8, we obtain
γ =
∫
[FdφT + F cos(θF )dφF ] + γf,i (S9)
with γf,i = [φF (τi) − φF (τf)] + [φT (τi) − φT (τf)]. We now define the generalized solid angle on the loop for the spin
vector and tensor as γF and γT , so that
γF ≡ [φF (τi)− φF (τf)] +
∫
F cos(θF )dφF ,
γT ≡ [φT (τi)− φT (τf)] +
∫
FdφT ,
γ = γF + γT . (S10)
From the definition, we see that γF (γT ) corresponds to the rotation of the spin vector (tensor). As an example, we
consider the loop L in momentum space (by replacing the parameter τ with k), and find that γF = 0, γT = pi. For a
small enough loop, the Berry phase γ gives the local Berry flux through the surface enclosed by the loop.
We want to emphasize that, to ensure a smooth wave function |Ψ(τ)〉, F (τ), φF (τ), θF (τ), φT (τ) should also
be a smooth function of τ except the points where 〈F〉 crosses the z-axis on or inside the Bloch sphere, where
φF (τ), θF (τ), φT (τ) may have jumps. We can simply remove these points in the integral that do not affect the final
results.
Berry flux and spin textures on different surfaces
As we discussed in the main text, we have C ≡ [C1, C2, C3] = [−1, 1, 0] for the Weyl point W1, and C = [0, 1,−1] for
W2. When both W1 and W2 are enclosed by S, we have C = [−1, 2,−1]. In Fig. 4a in the main text, we plot the Berry
curvature distribution of the first band around W1. Figs. S1a and S1(b) show the corresponding Berry curvatures
0 
0 
𝜋 
𝜋 
𝜃 
𝜃 
(a) 
𝜴𝟐 𝜴𝟑 
(b) 
(c) 
(d) 
𝑥 
𝑧 
𝑦 
𝑥 
𝑧 
𝑦 
FIG. S1: (a) and (b) The Berry flux distributions on the surface enclosing Weyl point W1 for the second and third bands,
respectively. (c) and (d) Spin tensor distributions as k varies on the loop L for the second and third band, respectively. The
red lines show the orientation of the ellipsoids, which are rotated by pi (0) for the second (third) band. Other parameters are
the same as in Fig. 4 in the main text.
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for the other two bands, we see that the total flux for the second (third) band is quantized to 1 (0). Such non-trivial
topology can also be characterized by the spin (vector and tensor) textures. For the first band, the spin tensor is
rotated by pi on the loop L: kx = rS cos θ, ky = rS sin θ, kz = 0 with θ ∈ [0, 2pi), and the spin vector crosses the center
of the Bloch sphere once (as shown in Figs. 4c and 4d in the main text), leading to the generalized solid angle γF = 0,
γT = pi. Similarly, for the second band which is also non-trivial around W1, the spin tensor is also rotated by pi on
the loop L [see Fig. S1(c)], while the spin vector crosses the center of the Bloch sphere three times (see Figs. 4d in
the main text), leading to the generalized solid angle γF = 0, γT = pi. For the trivial third band around W1, neither
pi-rotation for the spin tensor nor Bloch center crossing for the spin vector would exist [see Fig. S1(d)], leading to the
generalized solid angle γF = 0, γT = 0. We may also consider a different loop L′: kz = rS cos θ, kx = rS sin θ, ky = 0
with θ ∈ [0, 2pi) around W1, and the spin textures are quite similar with the loop L.
When both W1 and W2 are enclosed by the momentum surface S, the Berry flux is quantized as C = [−1, 2,−1]
[as shown in Figs. S2(a) and S2(c) for the first two bands where S is a cylinder covering the whole Brillouin zone in
kz]. The spin vector distributions are shown in Figs. S2(b) and S2(d) for the first two bands. We see that there is
a vortex at kz = 0 for the first band, and six vortices (three at kz = 0 and the other three at kz = pi) for the second
band. While the Berry flux and spin distributions for the third band are similar with that for the first band, except
that the vortex is located at kz = pi.
Momentum-resolved Rabi spectroscopy
The Berry curvatures and spin textures can be detected through momentum-resolved Rabi spectroscopy. It has been
demonstrated that, for a spin-1/2 system, the Bloch wave function, which directly determines the Berry curvatures
and spin textures, can be extracted from the momentum-resolved Rabi spectroscopy realized by proper choice of laser
-𝜴𝟐   -𝜴𝟏                                 〈𝑭〉
(a) (b) (c) (d) 
𝑘𝑧 
〈𝑭〉
FIG. S2: (a) and (b) The Berry flux and spin vector distributions of the first band on the surface enclosing both Weyl points
W1 and W2. A spin vortex (black dot) is located at kz = 0. (c) and (d) The Berry flux and Spin vector distributions of the
second band on the surface enclosing both Weyl points W1 and W2. Six spin vortices (red and black dots) are located at kz = 0
and kz = pi. The radius of the cylinder is 1, other parameters are the same as in Fig. 4 in the main text.
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pulse sequences. Surprisingly, for our spin-1 system, the presence of a third band would greatly simplify the pulse
sequence. The Bloch wavefunction of the n-th band with energy En(k) is
|un(k)〉 =
∑
s
Un,s(k)|k, s〉, (S11)
with Un,s(k) the element of the unitary matrix U . Consider an initial state |Ψ(0)〉 = |k, s〉, the Hamiltonian would
induce a Rabi oscillation and give a final state at time τ
|Ψ(τ)〉 =
∑
n
e−iEn(k)τU∗n,s(k)|un(k)〉. (S12)
In the following, we prove that the Bloch wave function can be obtained by simply measuring the final state in the spin
basis {|k, s〉} with s =↑, 0, ↓. Thanks to the presence of the third band, the detecting scheme is simpler comparing
with the spin-1/2 system, where measurements in various bases and thus additional precisely controlled pulses are
required.
The population on state |k, s′〉 of the final state is
Ps,s′(k, τ) =
∣∣∣∣∣∑
n
e−iEn(k)τU∗n,s(k)Un,s′(k)
∣∣∣∣∣
2
. (S13)
We define the averaged population P¯s,s′ as
P¯s,s′ =
Ps,s′ + Ps′,s
2
. (S14)
Use the Fourier analysis in the time domain P¯s,s′(k, ω) =
∫
dτP¯s,s′(k, τ) cos(ωτ), we obtain
P¯s,s′(k, ω) =
∑
n<n′
|U∗n,sUn,s′U∗n′,s′Un′,s| cos(φn;s,s′ + φn′;s′,s)δ(En′ − En − ω), (S15)
where relative phase φn;s,s′ = φn;s′ −φn;s with φn;s = arg[Un,s]. For s′ = s, we can easily obtain the amplitude of the
matrix elements |Un,s| based on P¯s,s′(k, ω) and the unitary property of matrix U . Extracting the phase information
is, however, a little bit tricky. For Weyl points in a spin-1/2 system, it is impossible to determine the phase φn;s,s′
from P¯s,s′(k, ω) since both φn;s,s′ and φn′;s′,s changes rapidly near the Weyl point and one can only obtain their
summation φn;s,s′ +φn′;s′,s (not to mention that this summation usually vanishes). However, for a spin-1 system, the
third band can serve as a reference which allows the determination of the phases for the other two bands.
To show how our detecting scheme works, we focus our discussion on Weyl point W1 in the following. In the vicinity
of Weyl point W1, the Bloch wavefunctions possess non-trivial topology due to the degeneracy for two lower bands,
but are trivial and almost unchanged for the highest band. Near the frequency ω = E3 − En, we have
P¯s,s′ ∝ |U∗n,sUn,s′U∗3,s′U3,s| cos(φn;s,s′ − φ3;s,s′), (S16)
where φ3;s,s′ is a constant near the Weyl point, and can be set to zero by absorbing it to the definition of |k, s〉.
Therefore we obtain the relative phase φn;s,s′ (with n = 1, 2) for the two non-trivial bands through measuring P¯s,s′ .
In fact, even the phase φ3;s,s′ is not a constant, the topologies of the Bloch functions are not affected by absorbing
φ3;s,s′ into the definition of |k, s〉, as long as φ3;s,s′ is a non-singular and smooth function near the Weyl point W1.
|Un,s| and φn;s,s′ can be uniquely determined in a way such that the Bloch wave function is smooth.
The measured relative phase, which is used to extract the Bloch wave function, is φMn;s,s′ = φn;s,s′ − φ3;s,s′ . As a
result, the measured Bloch wave function |uMn (k)〉 and the true Bloch wave function |un(k)〉 are related by a unitary
transformation |uMn (k)〉 = e−iΦˆ|un(k)〉, with Φˆ = diag{φ3;↑, φ3;0, φ3;↓}. The measured Chern number using |uMn (k)〉
is
CMn =
1
2pi
∮
S
[Ωn +∇k × 〈un(k)|χˆ|un(k)〉] · dS, (S17)
with χˆ = ∇kΦˆ. In the very vicinity of the Weyl point W1, Φˆ is a constant diagonal matrix, and the second term
in the square brackets of the above equation vanishes. Therefore the measured Berry curvature and Chern number
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FIG. S3: (a) and (b) The real and imaginary parts of U1,s on loop L: kx = cos θ, ky = sin θ, kz = 0 around W1, with blue,
red and green lines corresponding to the spin states s =↑, s = 0 and s =↓, respectively. (c) and (d) The amplitude and phase
of U1,s on loop L′: kz = cos θ, kx = sin θ, ky = 0, with blue and red lines corresponding to the spin states s =↑ and s = 0,
respectively. The amplitude for s =↓ is the same as that for s =↑, and the phase is measured with respect to spin state s =↓.
In (d), dashed and solid lines correspond to the measured and true values, respectively. Other parameters are the same as in
Fig. 4 in the main text.
are the same as their true values. Far away from the Weyl point, Φˆ becomes k dependent, and the measured Berry
curvature may have small derivations from the true value, however, the measured Chern number is unaffected as long
as e−iΦˆ is non-singular and smooth, which holds for our case when S only encloses one Weyl point W1.
In Fig. S3, we show numerical results for the phases extracted from P¯s,s′ and their true values obtained directly from
the Hamiltonian on the two loops L and L′. For the loop L, we always have φn;s,s′ = 0, pi, so the Bloch wavefunction
can be extracted solely from |Un,s|, while the phase can be determined simply by the continuous properties. For the
loop L′ with a large radius rS = 1, we see small derivations of the measured relative phases from their true values.
In realistic experiments, the initialization is realized by first tuning the lattice potential such that the s-sites have
the lowest energy in each unit cell, loading atoms to the pseudo-spin state |s〉, and then adiabatically tuning the
potential to the desired superlattices. Next, we can turn on the Raman lasers and let the system evolve with an
interval τ . The population of the final state on s′-sites at each k (i.e., Ps,s′(k, τ)) can be measured using a pseudospin
Stern-Gerlach effect followed by the time-of-flight imaging [5, 6].
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